If a Hadamard difference set exists in H ×K, where H is an abelian 2-group and K is a cyclic 3-group, then |H| > 4|K|. Furthermore, Lander's conjecture holds for all Hadamard difference sets of order at most 529.
Introduction
A (v, k, λ, n) difference set in a finite group G of order v is a k-subset D of G, such that every nonidentity element g of G has exactly λ representations
As usual, we assume 1 < k < v/2. Then n = k − λ is a positive integer which is called the order of the difference set. For introductions to difference sets, see [1, 2, 7] .
Lander [7, p. 224] proposed the following. Conjecture 1.1 (Lander 1983 ) Let G be an abelian group of order v containing a difference set of order n. If p is a prime dividing v and n, then the Sylow p-subgroup of G cannot be cyclic.
In [8, Thm. 1.3] , the following result was obtained.
Result 1.2
Lander's conjecture is correct in the case where n is a power of a prime p > 3.
In the case that n is not a prime power, there currently is not much reason to believe that Lander's conjecture holds. Promising candidates for putative counterexamples seem to be Hadamard difference sets. A Hadamard difference set is a difference set with parameters (v, k, λ, n) = (4u 2 , 2u 2 − u, u 2 − u, u 2 ) for some positive integer u.
In this paper, we study Hadamard difference sets with u = 2 a 3 b in abelian groups with cyclic Sylow 3-subgroups. It is not known if any such difference sets exist, but the following necessary conditions for their existence are known. Let C m denote the cyclic group of order m.
Result 1.3
Suppose there is a Hadamard difference set with u = 2 a 3 b in an abelian group C 3 2b × H, where H is an abelian 2-group. Then the following hold.
(i) Let U be any subgroup of H such that exp(H/U ) ≤ 4. Then |U | > 3 b .
(ii) exp(H) ≤ 2 a+2 √ 2/3 b−1 .
The first part of Result 1.3 follows from [7, Thm. 4.3.3] and the second part from [10, Thm. 3.3.2] . In Section 5, we will obtain the new necessary condition 2 a > 3 b .
The main value of this paper lies in Section 6, in which we obtain substantial information on some putative counterexamples to Lander's conjecture. This is used to rule out some sporadic cases, but the techniques will be useful, in particular, for the further investigation of Hadamard difference sets with u = 2 a 3 b in abelian groups.
Suppose there is a Hadamard difference set of order u 2 with u ≤ 20 in an abelian group G which has a cyclic Sylow p-subgroup for some prime p dividing u. Then, according to [4, Section 5] , we have u = 12, p = 3, and G is one of the following groups:
(a) C 9 × C 8 × C 8 , (b) C 9 × C 16 × C 4 , (c) C 9 × C 16 × C 2 × C 2 .
We will rule out these three cases. To do this, we develop new methods to deal with "sophisticated characters" (see Section 3 for their definition). Analogues to sophisticated characters must occur for all putative counterexamples to Lander's conjecture (see Remark 5.2). Thus our methods are relevant to the further investigation of this problem.
By [11, Thm. 6] 
Preliminaries
We will need the following notation and standard facts. By ϕ we denote the Euler totient function. Let G be a finite abelian group. A subset S of G will be identified with the element g∈S g of the group ring
The integers b g are called the coefficients of B.
Write e = exp(G) and ζ e = exp(2πi/e). We denote the group of complex characters of G byĜ. We say that χ ∈Ĝ is trivial on a subgroup H of G if χ(g) = 1 for all g ∈ H. We call χ, τ ∈Ĝ equivalent, if there is σ ∈ Gal(Q(ζ e )/Q) with τ (g) = χ(g) σ for all g ∈ G.
The following Results 2.1, 2.2, and 2.4 are standard, see [2, Vol. I, Chapter VI].
This holds if and only if |χ(D)| 2 = n for all nontrivial characters χ of G.
Result 2.2 Let G be a finite abelian group and
Definition 2.3 Let p be a prime, let m be a positive integer, and write m = p a m with (p, m ) = 1, a ≥ 0. If there is an integer j with
then p is called self-conjugate modulo m. A composite integer n is called self-conjugate modulo m if every prime divisor of n has this property. with 0 ≤ a i ≤ C for some constant C and suppose that |Y | 2 = n is an integer. 
Result 2.4 Suppose that
We will need the following observation on character values of group ring elements. Lemma 2.8 Let W be an abelian group and let E = g∈W a g g ∈ Z[W ]. Let U be a subgroup of W and write U ⊥ = {χ ∈Ŵ : χ(g) = 1 for all g ∈ U }.
Let m and n be positive integers. We say that
The following result classifies the Weil numbers which play a role in this paper. For convenience, we categorize these numbers into three types. The Weil numbers of "naive type" will be the those which are equal to a root of unity times an integer. "Gauss type" Weil numbers are those which are not naive, but divisible by the Gauss sum ζ 3 − ζ 2 3 . Finally, Weil numbers of "sophisticated type" are those which are not divisible the the Gauss sum ζ 3 − ζ 2 3 . As the further sections will show, it is exactly the sophisticated Weil numbers which make the situation interesting and difficult (thus their name).
For the proof of the classification of the relevant Weil numbers, we need some standard facts from algebraic number theory, in particular, on prime ideal factorization in cyclotomic fields. We refer the reader to [6] for the necessary background.
Lemma 2.9 Let u = 2 a 3 b and e = 2 r 3 s , where a, b, r, s are positive integers.
there is an integer i such that Y ζ i e is one of the following. Next, we show that we may assume r ≥ 3. If r ≤ 2, then 3 is selfconjugate modulo e, as 3 ≡ −1 (mod 4). Hence
Hence η is a root of unity by Result 2.5. This implies Y = ζ f e u for some integer f and thus Y is of naive type. Hence we can assume r ≥ 3.
Recall that Z ∈ Z[ζ e ] and |Z| 2 = 3 2b . By Result 2.7, there is an integer j such that
We now need to consider the prime ideal factorization of 3Z 
Hence we may assume
Recall that Zζ
Recall that and
for some nonnegative integers
As |Z| 2 = 3 2b and |X| 2 = 3, we have |α| = 1. Thus α is a root of unity by Result 2.5. Hence there is an integer k such that
If
and thus Y is of naive type. Hence we may assume
Using (4), we conclude
is also of Gauss type. In summary, we have shown that the assertion of the Lemma is correct if (3) holds.
Now suppose that
Then |T | 2 = 3 2b−1 and a similar argument as above shows that
for some integer k and nonnegative integers d 1 , d 2 with d 1 +d 2 = 2b−1. Again, by a similar argument as above,
is of Gauss type.
Setup
Let u = 2 a 3 b , where a and b are positive integers, and G = H × K, where H is an abelian group of order 2 2a+2 and K ∼ = C 3 2b . Let z be a generator of K and let P be the subgroup of order 3 of Throughout this paper, we fix the putative difference set D. This allows us to speak of naive, Gauss type, and sophisticated characters without explicit reference to D. For instance, by a "sophisticated character", we mean a character χ such that χ(D) is of sophisticated type.
Building Set Property
Let χ be a character of G which is nontrivial on H × P . We say that χ has the "building set property" (c.f. [5] ) if there is i ∈ {0, . . . ,
Lemma 4.1 Let χ be a character of G whose order is divisible by 3 2b . Then χ has the building set property.
Proof Write f = exp(H). Note that
Recall that we write e = exp(G) and that we have X ∈ Z[ζ 8 ] in Lemma 2.9 and thus X(
for some integer j for Lemma 2.9. Note that χ(z) is a primitive 3 2b th root of unity. Thus {χ(z)
Together with (5), this implies that there is at most one i with χ(D i ) = 0.
Lemma 4.2 Let φ be a character of G which is trivial on K and let τ be a character of G of order 3 2b . We have
Proof Note that the restriction of τ to H × P is a character of H × P of order 3. By Lemma 2.8 (with W = H × P and U = H), we have
This implies (i).
Let α be a character of G of order 3 2b−1 . Note that α = (H × P ) ⊥ . By Lemma 2.8 (with W = G and U = H × P ), we have
But φα i (D) ≡ 0 (mod 2 a ) for all i by Lemma 2.9. This implies (ii).
We now show that sophisticated characters have a property which is even stronger than the building set property. In the proof, we use some standard facts from algebraic number theory. We refer the reader to [6] for the necessary background. Proof If f divides 4, then there is no sophisticated character by Lemma 2.9. Thus f is divisible by 8.
Replacing D by a translate, if necessary, we can assume χ(D 00 ) = 0. Let τ be a character of G of order 3 2b . By Lemma 2.8, we have
Note that χ(g) ≡ χτ k (g) (mod 1 − ζ 3 2b ) for all g ∈ G and thus
for all k. Recall that e = exp(G) = 3 2b f .
As in the proof of Lemma 2.9, we see that 
Furthermore, we have pp
Since χ is of sophisticated type, we have
by Lemma 2.9. By (8) and (9) 
for some integers j(k) by Lemma 2.9.
This contradicts (7) and hence there are integers l(k) such that χτ
for all k. Write
From (6) and (10), we get
As 
from (11) . Define σ ∈ Gal(Q(ζ e )/Q) by ζ implies that there is κ ∈ Gal(Q(ζ 3 2b )/Q) with |T κ | ≥ 3 2b . As T κ is a sum of 3 2b roots of unity and |T κ | ≥ 3 2b , all these root of unity must be equal.
This means that l(k) = c for all k for some fixed integer c. 
But z −r−3 2b−1 s = 1, since (r, s) = (0, 0). Thus Since the kernel of χ on H has order 2 2a+2−m , we can write
for some integers a k with 0 ≤ a k ≤ 2 2a+2−m . Hence
by Result 2.6. This implies the assertion.
A Necessary Condition
We use the results of the previous sections to derive a necessary condition for the existence of Hadamard difference sets with u = 2 a 3 b in abelian groups with cyclic Sylow 3-subgroups. 
Remark 5.2
In the proof of Theorem 5.1 we showed that there must be at least one sophisticated character. This result can be extended to all putative counterexamples to Lander's conjecture as follows. Let G be an abelian group of order v containing a difference D set of order n. Let p be a prime dividing v and n, and suppose the Sylow p-subgroup of G is cyclic. Then there is a nontrivial character χ of with χ(D) ≡ 0 (mod 1 − ζ p ). This observation will be used in further publications (in preparation).
The Case b = 1
Throughout the rest of the paper, let b = 1. This is a particularly interesting and difficult case, as the cyclic Sylow 3-subgroup is as small as possible. As Theorem 5.1 indicates, groups with larger cyclic Sylow 3-subgroups seem to be less likely to contain Hadamard difference sets.
Lemma 6.1 Let φ be a character of H × P which is trivial on P and nontrivial on H. Then exactly one of the values φ(D i ), i = 0, 1, 2, is nonzero.
Proof Let τ be a character of order 3 of H × P . Note that τ can be extended to a character of order 9 of G and that 3 2b = 9, as we assume b = 1. Thus, by Lemma 4.1, there is j ∈ {0, 1, 2} such that φτ (D k ) = 0 for k = j. As φτ 2 is equivalent to φτ , this implies φτ
for k = j by Lemma 4.2.
If φ(D k ) = 0 for all k = j, then the assertion of the Lemma holds. Thus
where N denotes the absolute norm of
On the other hand, as D is a Hadamard difference set of order u 2 , we have
by Result 2.1. This implies
Hence φ(D r ) = 0 for r = k, too.
Consider any character χ of G which is nontrivial on H × P . If the order of χ is divisible by 9, then χ has the building set property by Lemma 4.2. If the order of χ is not divisible by 9, then χ| H×P is trivial on P and nontrivial on H. Thus χ has the building set property by Lemma 6.1.
In summary, we have shown the following. Lemma 6.2 For every character χ of G which is nontrivial on H × P , there is i ∈ {0, 1, 2} with |χ(D i )| = u and χ(D j ) = 0 for j = i.
Corollary 6.3 We have
(viewed as an equality of multisets).
Proof Let χ be the character of G of order 3 with χ(z) = ζ 3 . Note that χ(D) ≡ 0 (mod u), since u is self-conjugate mod 3. Replacing D by a translate, if necessary, we can assume
Hence, if χ(D) = u, then, as multisets,
Let τ be a character of order 9 of G.
Lemma 6.2 implies that τ (D i ) = 0 for some i ∈ {0, 1, 2}. But this implies that |D i | is divisible by 3, a contradiction. Hence we conclude χ(D) = −u and this implies {|D 0 |,
u} as multisets.
The Homomorphic Images of the D i in Z[H]
Recall that we assume b = 1 and write
with D i ⊂ H ×P . In view of Corollary 6.3, we may assume |D 0 | = (2 a+1 −1)u,
Corollary 6.4 Write f = exp(H) and X = 1 + ζ 8 + ζ 3 8 . Let i ∈ {0, 1, 2} and let χ be character of G which is nontrivial on H and trivial on K. Then there is an integer k, depending on χ, such that
Furthermore, if the order of χ divides 4, there is an integer s with
Proof Lemma 6.2 implies
for some integer j. Note that χ(D) cannot be of Gauss type, since χ is of order dividing f . Moreover, if the order of χ divides 4, then χ(D) cannot be of sophisticated type either. Hence (17) and (18) follow from (19) and Lemma 2.9.
Lemma 6.5 Let ρ : H × P → H be the canonical epimorphism and writē
. Let x i be the number of nontrivial characters χ of H with |χ(D i )| = u and let y i be the number of coefficients ofD i which are divisible by 3. Then 8y 0 = 9x 0 − 2 2a+2 + 9 and
Furthermore,
Proof Write D i = g∈H a ig g with a ig ∈ {0, 1, 2, 3}, and let E i = 3H − 2D i . Note that 3 − 2a ig = ±1 if a ig = 1 or 2; and 3 − 2a ig = ±3 if a ig = 0 or 3.
Hence the coefficient of of 1 in
On the other hand, by Lemma 6.4, we have χ(D i ) = 0 for each nontrivial character χ of H with |χ(D i )| = 12. Thus, by Result 2.2, the coefficient of of 1 in
From (22) and (23), we get
Since |D 0 | = (2 a+1 − 1)u and |D 1 | = |D 2 | = 2 a+1 u, we get (20). 
The case b = 1 and a = 2
From now on, let b = 1 and a = 2. We view characters χ of H also as characters of G = H × K by setting χ(g) = 1 for all g ∈ K. For i = 0, 1, 2, let N i , respectively S i , be the set of nontrivial characters of H of naive, respectively sophisticated, type. Recall that characters of H cannot be of Gauss type. Thus χ(D i ) = 0 for all nontrivial characters χ of H with χ / ∈ N i ∪ S i . Thus Result 2.2 implies
Note that N i and S i are unions of equivalence classes of characters. Furthermore, by Lemma 2.9 and Corollary 4.4, every character in S i has order 8. Suppose there are exactly r i inequivalent characters in S i , say τ 1 , τ 2 , . . . , τ r i .
Let Tr denote the absolute trace of Q(ζ 8 ) and writeD i = g∈H a g g. Then
Recall that |D i | ≡ 0 (mod 3) for all i by Corollary 6.3. As χ(D i ) ≡ 0 mod 3 for all χ ∈ N i , we conclude that a g ≡ 0 mod 3 if and only if
It turns out that (25) gives enough information on the values y i defined in Lemma 6.5 to show that no Hadamard difference sets exist in C 9 × C 16 × C 4 , C 9 × C 16 × C 2 × C 2 , and C 9 × C 8 × C 8 . The last of these groups is by far the most difficult case, since we have to deal with a larger number of equivalence classes of sophisticated characters than in the first two cases.
6.3 The Groups C 9 × C 16 × C 4 and C 9 × C 16 × C 2 × C 2
Suppose that H = C 16 × C 4 or H = C 16 × C 2 × C 2 . We continue to use the notation introduced above. Recall that all sophisticated characters of H have order 8. Note that there are exactly 4 equivalence classes of characters of order 8 of H. Hence there is i ∈ {0, 1, 2}, such that the set S i consists of at most 1 equivalence class, i.e., r i ≤ 1.
Recall that y j ≡ 1 ( mod 9) for j = 0, 1, 2 by Lemma 6.5 and y 0 +y 1 +y 2 = 48. If r i = 0, then y i = 64 by (25), which is impossible. Hence r i = 1 and we can assume
by Lemma 2.9. Recall that τ 1 is a character of H of order 8. It is straightforward to check that (26) implies that Tr(τ 1 (D i g −1 )) takes each of the values 0 and ±32 exactly 16 times and each of the values ±16 exactly 8 times when g ranges over H. This implies y i = 16, contradicting y i ≡ 1 (mod 9). Hence no Hadamard difference sets exist in C 9 × C 16 × C 4 and C 9 × C 16 × C 2 × C 2 .
The Group
Recall that y i ≡ 1 mod 9 for i = 0, 1, 2. As y 0 + y 1 + y 2 = 48, we have y i ∈ {1, 10} for at least one i. From now on, we fix such an i with y i ∈ {1, 10} and write N = N i , S = S i , r = r i for convenience.
Note that x i ≤ 16 by Lemma 6.5.
For each j = 1, . . . , r, there exists a unique involution h j in H with τ j (h j ) = 1. We claim that the h j 's are not all equal. Otherwise, we have τ 1 (h) = · · · = τ r (h) = ±1 for every involution h ∈ H. Therefore,
Tr(τ j (D i (gh) −1 )) for all g ∈ H and all involutions h in H. Thus (25) shows that a g ≡ 0 mod 3 if and only if a gh ≡ 0 mod 3, for all involutions h ∈ H. This implies y i ≡ 0 (mod 4), which contradicts y i ∈ {1, 10}. Thus we may assume r ≥ 2 and h 1 = h 2 .
Let g 1 , g 2 , g 3 denote the involutions in H.
Proof Note that (24) implies
Next, recall that all τ j 's are sophisticated. It is straightforward to verify the following.
Lemma 6.7 Let x be a cyclic subgroup of order 8 in H.
(i) Suppose the restriction of τ j to x has order 8.
takes each of the values 0, 32, −32 exactly twice and each of the values ±16 exactly once for k = 0, . . . , 7.
(ii) Suppose the restriction of τ j to x has order 4. Then
We are now ready to prove that no such D i exists. Recall that we assume h 1 = h 2 and r ≥ 2. Let H 1 = Ker τ 1 . Then τ 2 | H 1 is of order 8. We write H = By (24), this implies that y i ≥ 16 if r = 2, contradicting y i ∈ {1, 10}. Thus r ≥ 3.
Now suppose |{h 1 , . . . , h r }| = 3. Without loss of generality, we may assume that h 1 , h 2 , h 3 are distinct and h 3 = g 3 . As |x i | ≤ 16, there exists at most one equivalence class of characters of order 8 in S ∪ N different from the equivalence classes of τ 1 , τ 2 , and τ 3 . We may therefore assume that all characters in S ∪ N which are not equivalent to τ 1 or τ 2 map g 3 to 1. Thus, by Lemma 6.6, we have . . , h r }| = 2 and we may assume h 3 = h 2 . Hence τ 2 ∈ X 3 . We have τ 1 ∈ X 3 , since h 1 = h 3 , and τ 3 ∈ X 3 by the definition of X 3 .
Note that X 3 only contains characters of order 8. As Tr(τ 1 (D i g −1 )) takes values ±16 for some g ∈ H, Lemma 6.6 implies that X 3 contains a character τ inequivalent to τ 1 . Since x i ≤ 16, we conclude that S ∪ N consists exactly of the characters equivalent to one of τ, τ 1 , τ 2 or τ 3 and that x i = 16. This implies |D i | = 96. Furthermore, 
As both τ 2 , τ 3 are of order 8 on H , it is easy to see that for j = 1, 2, we have {{Tr(τ j (D i g −1 )) : g ∈ F f 1 }, {Tr(τ j (D i g −1 )) : g ∈ F f 2 }} = {{0, 16, −16}, {32, −32}}.
